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The Klein-Kaluza theory with a nonvanishing torsion is developed. The torsion
is associated with spin and polarization of a gauge field. The electromagnetic
polarization is considered as a source of additional components of torsion
connected with the fifth dimension. New physical effects obtained due to this
torsion are pointed out and some cosmological models are studied. It is proved
that new effects are 103 times bigger than the effects from the Einstein—-Cartan
theory. The usual Dirac equation is generalized to the Klein-Kaluza theory with
and without torsion. The dipole electric moment of a fermion of order 10732 cm
is obtained. A new generalization of minimal coupling is proposed.

INTRODUCTION

The aim of this paper is to generalize the Klein—Kaluza theory to a
situation with nonvanishing torsion of the connection. The polarization of a
gauge field and spin will be associated to torsion. Our generalization of the
Klein—Kaluza theory is analogous to the relation of the Finstein—-Cartan
theory to the general theory of relativity. The diagram (Figure 1) places the
Klein—Kaluza theory with torsion among the above-mentioned theories.

A new geometric element in our theory is the torsion in the fifth
dimension, the source of which is electromagnetic polarization M,,:

Q5aﬁ: _ZKaﬂzquMaB

Roughly speaking, if one says that “mass curves space-time,” “spin twists
it” and “electrical charge curves the fifth dimension” then “electromagnetic
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Fig. 1. A position of the Klein—Kaluza theory with torsion among General Relativity, the
Einstein-Cartan theory and the classical Klein~Kaluza theory.

polarization twists the fifth dimension.” Naturally the fifth dimension is
understood as a dimension connected with gauging.

In this paper we will mainly deal with the five-dimensional case
(electromagnetic). We shall point out the differences between a general case
of gauge fields and electrodynamics. The paper is organized as follows. In
Section 1 we define mathematical symbols used throughout the paper. In
Section 2 the Klein—Kaluza theory in Cartan’s formalism (Lichnerowicz,
1955b) is presented. The main results of this work, i.e., Klein—Kaluza theory
with torsion, are given in Section 3. Some physical applications of our
theory are given in Section 4 together with a simple cosmological model. In
that section we also demonstrate that new effects obtained in the Klein-
Kaluza theory with torsion are 10® times bigger than in the Einstein— Cartan
theory. We calculate a minimal radius of universe model and get R~ 10'2
cm.

Section 5 contains the generalization of Dirac’s equation to the Klein-
Kaluza theory both with and without torsion. We obtain a dipole electric
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moment of fermion of order 107*? [cm] q. Our results are similar to
Thirring’s (1972) work, but we do not have a minimal rest mass of particle
as in that work. The procedure proposed in Section 5 may be considered as
a generalization of minimal coupling.

In Section 6 we generalize certain results to any semisimple gauge

group.

1. ELEMENTS OF GEOMETRY

In this section we describe the notations and definitions of geometric
quantities used in the paper. We use a smooth principal bundle P, which
includes in its definition the following list of differentiable manifolds and
smooth maps: a total (bundle) space P; a Lie group G—structural group [in
the electromagnetic case G=U(1)]; a base space E—in our case it is a
space-time; a projection II: P— E; a map ¢: PX G- P, defining the action
of Gon P, if a, &G and e G is the unit element then ¢(a)o@(b)=gp(ba)
and g(¢)=id, where @(a)p=e¢( p, a), moreover wop(a)=m=. w is a form of
connection on P with values in Lie’s algebra of group G. For a connection
of electromagnetic bundle we use a symbol a.

Let ¢’(a) be the tangent map to ¢(a) whereas ¢*(a) is the contragredi-
ent to ¢’(a) at point a. The form w is a form of ad type, i.e.,

e*(a)w=ad,_ 0 (1.1)
where ad’,_, is the tangent map to the internal automorphism of the group
ad(b)=aba™!
In the case of group U(1) (Abelian) the condition (1.1) means simply
£,=0
$s

Where {; is the Killing vector corresponding to one generator of group U(1).
Thus, this is a vector tangent to the operation of group U(l) on P, i.e., to

(12)

Pexp(ix)

Because of the form w we may introduce the distribution (field) of linear
elements H,, r€P, where H,CT,(P) is a subspace of the space tangent to P
at a point r and

vEH <w(v)=0 (1.3)
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We have
T(P)=V,®H, (1.4)

where H, is called a subspace of horizontal vectors and V, of vertical vectors.
For vertical vectors vE€V, we have #'(V)=0. This means that v is tangent
to the fibers. Let -

v=hor(v)+ver(v), Thor(v)EH, ver(v)EV, (1.5)

It is proved that the distribution H, is equal to choosing connection w. We
use the operation “hor” for forms, i.e.,

(horB)( X, Y )=pB(hor X,hor Y) (1.6)
where
H,YET(P)
The two-form of curvature of connection w is defined as follows:
Q=hordw (1.7)

It is also a form of ad type like w.
For @ the structural Cartan equation is valid:

Q=dw+iw,w] (1.8)
where
[0, 0)(X, Y)=[w(X),w(Y)]
Bianchi’s identity for w is the following:

hord2=0 (1.9)

For the principal fiber bundle we use the following convenient scheme
(Figure 2):

The map f: ED VP, so that fo 7 =id

is called a cross section. From the physical point of view it means choosing
a gauge. A covariant derivation on P d| is defined as follows:

d ¥ =hord¥ (1.10)
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| 4

£ v

Fig. 2. Vertical lines depict fibers, while cross-hatched lines indicate the distribution of linear
elements H,.

This derivation is called a “gauge” derivation, where ¥ is for example a
spinor field on P.

For a principal fiber bundle P it is possible to introduce a natural
metrization in the following way:

(X, Y)=g(7'X, 7Y )—Nh(w(X),w(Y)) (1.11)
X,YET(P), O<A=const

Where # is the Killing tensor on a group G. It is obvious that G must be
semisimple. We have h,,=C¢,Cf., where C¢, are structural constants of
Lie’s algebra of group G. The formula (1.11) has been given by A. Trautman
(1970). In the case of group U(1) we have number one —1 as biinvariant
tensor 4. The tensor v is invariant with respect to group G. In this paper we
will use also a linear connection on manifolds P and E using formalisms of
differential forms. So the basic quantity is a one-form of connection w .
The two-form of curvature is as follows:

Q4 p=dw g+ ! Ny (1.12)
and the two-form of torsion is
O01=Dpo4 (1.13)

where 4 are basic forms and where D means exterior covariant derivation
with respect to w, 5. The following relation are established connections with
generally met symbols:

wlp=T45.0¢
@A:%QABch/\aC
QABC:FABC_FACB

Q4,=1R", 0N (1.14)
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where I'4 . are coefficients of connection (they do not have to be symmetri-
cal indices B and C), R*5.,, is a tensor of curvature, and Q4 is a tensor
of torsion. Covariant exterior derivation with respect to w*, is given by a
formula:

DEA=d=A+ A AEC
D34, =d3 4+ NAZC— 0 pAZA (1.15)
The forms of curvature Q4 and torsion @ obey Bianchi’s identities
DQ4=0
DOA=0" A§" (1.16)

All quantities introduced in this paper and their precise definitions can be
found in the papers by Kobayashi and Nomizu (1963), Lichnerowicz
(1955b), and Trautman (1970, 1973b).

2. THE KLEIN-KALUZA THEORY

2.1. Preliminary Remarks. In this chapter we present the classical
Klein—Kaluza theory by means of the mathematical methods mentioned in
Section 1. In the papers by Kaluza (1921), Lichnerowicz (1955a), Rayski
(1965), Tonnelat (1965), and Bergman (1942) one may find both consecutive
steps of creation of the theory and various approaches to it. The final form
of the theory was achieved in the paper by Bergman (1942). Its particular
variant, the so-called Jordan—Thiry theory, was proposed in the paper by
Lichnerowicz (1955a). The Jordan-Thiry theory has much to do with
Brans-Dick scalar—tensor theory of gravitation (Bergman, 1968) because of
the introduction of an additional scalar field 4 (interpretation of A% is a
gravitational “constant’). The equivalence of the Klein—Kaluza and Utiyama
theories (Lichnerowicz, 1955b) of gauge fields has been discovered by
Trautman and Tulczyjew (1970). Naturally Utiyama’s approach is more
general and makes possible a creation of unified theories of Yang—Mills
field and gravitation. It has been done in Kerner (1968) and Cho (1975). It
would be possible to achieve these results by means of conventional
methods similar to methods given in Lichnerowicz (1955a), Bergman (1942),
and Tonnelat (1965). In order to do it one should take into account a
(n+4)-dimensional manifold (# is the number of parameters of gauge group
of the Yang—Mills field). In this section we use the differential form method
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in a way similar to that proposed already by A. Trautman (1972, 1973a).
Section 2 serves for comparison to the results of Section 3.

2.2. Manifold P. Let us introduce the principal fiber bundle P over
space-time E with the group structure U(1) and with projection #. It is an
electromagnetic bundle (see Figure 3).

Using Cartan’s structural equation (1.8) and Abelian character of U(1)
we obtain curvature of connection:

Q=da (2.1)
Now let us take two sections:
e:E-P, f:E->P
In both cases we have
A=ce*a, F=e*Q
A=f*a, F=f*Q (2.2)

Since we may identify Lie’s algebra of group U(1) with real numbers, forms
F, A, A, F, are ordinary forms with real values. The form F due to the
Abelian character of group U(1) does not depend on choosing a section and
F=F. We have indeed

F=dd, F=d4 (2.3)

Let x: E— R be a change of section from e to f.

f(p):(pexp[ix(p)loe(p) (24)
Thus we have
A=A+dyx (2.5)
P
o U
\\%'——1

T

Fig. 3. a is a connection on bundle P.
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Form A4 is a form of four-potential
A=4,0" (2.6)
whereas
=1F,0"N0",  F,=9,4,—3,4, (2.7)

is a 2-form of strength of electromagnetic field, where 6* is a frame on E.
We have dF =0 that is equivalent to Bianchi’s identity for the connection a.
This equation is equivalent to the first pair of Maxwell equations, i.e., to the
condition of 4-potential existence. The connection « is called an electromag-
netic connection.

Simultaneously, we also have

Q=a*(F) (2.8)

Now we turn to metrization of bundle P. Let us suppose that (E, g) is a

manifold with a metric tensor g, and Riemann connection waf, where

g:gaﬁﬁ_"‘@ﬂﬂ. The signature of g is (—— — +) and O is a frame on E.
Let us introduce a frame on P:

94=(7*(6%),0°=Aa),  A>0,const (2.9)

It is convenient to introduce the following notations: Capital Latin indices
A,B,C,D,E=1,2,3,4,5. Lower case Greek indices a, 8,v,0=1,2,3,4. The
symbol == is introduced to indicate two properties of ﬁaﬁ: the Riemannian
feature and the fact that it is defined on E. Let us now introduce the tensor
y=v,504®8% on the manifold P in the natural way (Trautman, 1970). Let
X, YETan(P). Thus according to the formula (1.11) we have

y(X,Y)=g(7'X,7'Y)—Na(X)a(Y)=g(7'X,7'Y)—0°(X)0(Y)

or
y=n*g—0°®86° (2.10)
Tensor y has signature (— — — + —). In this particular frame this tensor has
a form
8ap| O
YaB= ( d ) (2.11)
0 —1
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It is clear that the frame 6 is partly unholonomical, because
d0’=a*(\F)#0 (2.12)
We also introduce a dual frame ({,):
Y($4) =v450° (2.13)
We have {,=({,, {s) and according to Section 1

ay=0

‘. (2.14)

Thus {; is Killing’s vector of metric y. Let us now introduce the Riemann
connection &,, on P and exterior covariant derivation D with respect to

®4p:
Dv,3=0, D64=0 (2.15)

A solution of (2.15) is

(2.16)

Now we define a dual Cartan base on P. Let 1,345 =(det v)/2=(—det g)'/2
and n,pcpe be a Levi-Civita symbol and

Mapco=9"N4pcnE
Nanc=150" N4pcp
"ABzéac/\nABC
M4=50%Anyp
n=148"/n, (2.17)

On a manifold (E, g), i.e., on a space-time we introduce analogous quanti-
ties:

- — 1/2
Tapyss  Tiza=(—detg)" (2.18)
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7=40°A1, (2.19)
Now we can define quantities which appeared in (2.17) by (2.19) and O°.

Napyse =0
Napvss = Nagys
Napys = Tagys/\0°
Maps™ ~ Napy
naﬁy:ﬁaﬂy/\as
Naps = TNap
naﬁzﬁaﬁ/\as
Nas= "M
=1,
ns=1

n=qN0> (2.20)

In the formulas (2.20) on the left-hand side there are quantities defined on P
and on the right-hand side defined on E. Actually it should be denoted not
7 but «*(7), etc. For brevity we shall omit horizontal lift #* in all cases
where it will not lead to a misunderstanding. In the case (2.20) we should
remember that the overbar placed above a geometrical quantity means that
it is defined on E. Quantities 7,4, 7,4, €tc. obey the following identities:

0 T opys= O5Mapy — 0 Msap T 05 M5. — Oallpye
0_E/\ﬁaﬁv - S:ﬁaﬁ + 857’_701 + 6;77/37

0_8/\"7&3:8577“'_8:173 (221)
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Now let us take a section e: E— P and fit to it a coordinate x°, selecting

x*=const on the fiber in such a way that e is given by the condition x°>=0,
and

(see Figure 4). Then we have e*dx’=0 and

a:%dx5+7r*(A,ﬂ“"), whereAZA,ﬁ":e*a

In this coordinate system tensor y takes the form

&'—VAM4’ ~\A,
V5= ( a A (2.22)

—\d, | -1

This coordinate system is holonomic.

Roughly speaking classically defined Klein~Kaluza theory consists in
building a five-dimensional analog of the general theory of relativity, with
metric tensor in the form (2.22). 5

Now we calculate a two-form of curvature Q*, of @*;. By applying
formulas (1.12) and (2.16) we obtain

(e, =Q%+ IAD FSAO + IN(F4 F, + F®, F,, ) 016"
0%, = IAD E,+ IN(F,, Fy*) N0>= — %, (2.23)
25,=0
P 1
\J/ X5 =0
{
\IF——/
x> = const
~——
e
E

Fig. 4. A connection between the fiber bundle formulation of the Klein—-Kaluza theory and the
classical formulation.
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where Q“B is a two-form of curvature of 5",3, D is an exterior covariant
differential with respect to w®g, and Fg=Fp O
Finally we give below coefficients of @ ,:

~ = a

F,B'Y:FBY: {,By}

FBSVZ%AE?Y

Lp=Tg=31AF", (2.24)

where fé’y are coefficients of connection w,,. The rest of the coefficients are
equal to zero.

2.3. Variational Principle and Field Equations. Now we shall derive
equations of the Klein-Kaluza theory from the variational principle for
scalar of curvature K with respect to 64, v,,, @', We take

K=1n,,"Q8 (2.25)

It follows from the relationship between y and ~65, that only ©¢, 03, Zup are
independent quantities. Thus we do not vary K with respect to vy,5 and ys;.
We have

dK=80"Ne,+10g,,EF— 18" yApPt+exact form  (2.26)

In the formula (2.26) é,, E*#, j,® are five-dimensional analogs of Einstein’s
form é,, symmetrical Einstein’s form E*#, and Palatini’s form p*#, respec-
tively. The latter are known from the Einstein—Cartan theory (Trautman,
1972, 1973a; Kopczynski, 1973). Performing variation K with respect to
04, g*f, &1, we obtain

8= —InP AQC, (2.27)
Ef=3(y*ncP =y Pl —vPPn ) A (2.28)
5= —DnP, (2.29)

By using the formulas (2.11), (2.16), (2.20), (2.21), (2.23) we obtain the
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following equations:

=&, N85+ (ANFWE, 7, + INF™E, 5 A0 +INY Fr (2.30)

e5=%A?,;F’”ﬁw05+%ﬁwﬁ*“%?\%ﬂ”ﬁ (2.31)
EeB=FBAQS+ ( — IAFreph+ %AzF’“’I‘:“,g"‘ﬁ)ﬁ/\os (2.32)
pL=p%s=p’=p’=0 (2.33)

The last equations (2.33) are valid because of the Riemannian property of
&,5, where E°f and é* are, respectively, Finstein’s symmetrical form and
Einstein’s 3-form given by formulas (Trautman, 1970)

Ef={(g"n) =" —" 1) ATy (2.34)
e,=—1in m/\m (2.35)

Now let us turn to field equations. They are introduced into the Klein—
Kaluza theory as sourceless equations:

E**=0 and é&7=0 (2.36)

Hence, taking into account (2.30), (2.31), (2.32), we obtain

ELaB:AZ(%FuaF;Lﬂ__%gaBFﬂVF"w)ﬁ (2.37)
e=a:}\2(_%FwFany_AFﬂ”Fma) (2.38)
¥ g FP1=0 (2.39)

From the equation é>=0 we get one more equation which has not been
given above. This equation does not belong to the equations of the Klein—
Kaluza theory and is related to the equation Gss=0, where G, is the
Finstein tensor. This equation should be deleted by taking é&>—horé>
instead of &°. The fact that the equation Gs;=0 appears is related to
constraints existing in the theory, i.e., yss= —1 and y,;=0. An appropriate
theory of Lagrange’s multipliers might remove this drawback. However, we
shall not deal with it in detail in this paper. The equality y;;= — 1 is related
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to the assumption that A is constant. In a theory in which A may be variable,
e.g., in the Jordan—Thiry theory, one obtains by varying K with respect to
Y55 an equation for A. This leads to a theory with gravitational “constant”
variable in time and space. It is just a theory of the Brans-Dick type. Now
consider the equations (2.37) and (2.38).

Notice that

€m. vac.

JFreFP—{F¥F g, ,=2m T (2.40)

and

€m.vac,
2m t, =—3F"™F @, —3F"F,q, (2.41)
em.vac.
where 7% is a tensor of energy-momentum of electromagnetical field in
€m. vac.

vacuum and ¢, is a form of energy-momentum of electromagnetical
field in vacuum.

We easily see that

em.vac.  em.vac. em.vac.  ©m.vac.

T = (*f | where 1* = 1y, (2.42)

Putting A=2 we obtain Einstein’s equations with tensor of energy-
momentum of electromagnetic field in vacuum as a source. Quantities in
these equations are in units of the theoretical Gauss system with G=1 and
c=1

-~ €m.vac.
E*f=8g T 7
e*=8m ¢ (2.43)

The last equations are equivalent to one of Einstein’s equations:
€m. vac.

R*8—1Rg ,—8 T (2.44)

In order to go back to units of the cgs system we should take A=2G'/? /¢2.
We shall use the theoretical system of units also in Section 3.
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The equation (2.39) gives us the second pair of Maxwell equations. The
first pair of Maxwell equations has been obtained earlier. Summing up, we
have achieved equations of the Klein-Kaluza theory, i.e., equations of
gravitation and electromagnetism.

2.4. Bianchi’s Identities. In the case of Riemannian geometry only the
first of equations (1.16) is interesting for us. From this result the so-called
contracted Bianchi’s identities De,=0, and they lead to the conservation
law of energy-momentum of electromagnetic field:

~_ €m

D=0 (2.45)

and to the identity

ve(v,E)=0 (2.46)

The second identity is not interesting for a lack of sources of electromag-
netic field.

2.5. Geodetic Lines. Finally we discuss the equations of geodetic lines
on manifold P

u? v jut=0 (2.47)

where u4(t) is a vector normalized as follows:
g.pu®uP=1 and gaputuP=1—(u*)’ (2.48)
A trajectory tangent to this vector field is a geodetic line. The normalization
condition (2.48) is easily understood if we take into account the existence of
Killing’s vector {,. This leads to an existence of the first integral of equation

(2.47) u>=const.
Putting (2.24) to (2.47) and using A=2 we have

b]x

U

* Speo,B— 5
p +2uw’Fguf=0,  w’=const (2.49)

where D /dt is a covariant derivation along a line to which #“ is tangent. The
first equation of (2.51) is an equation of motion of a matter point of
g/my=2u° in both gravitational and electromagnetic fields (g is electric
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charge and m, is a rest mass). The second equation of (2.49) means
constancy of ¢/m,, along the world line of a particle.

3. THE KLEIN-KALUZA THEORY WITH TORSION

3.1. Preliminary Remarks. The aim of this section is both the general-
ization of the Klein-Kaluza theory to the case with a nonvanishing torsion
of connection and finding physical interpretation of this torsion. The
general plan is the following. We introduce on P the connection with
nonvanishing torsion. This connection is invariant with respect to transfor-
mations of group U(1). In this paper we also assume that a torsion of the
connection is horizontal. The last condition will be discussed. Next we
construct a form of a scalar curvature for this connection and introduce
sources. Then from a variational principle we obtain equations of fields and
interpret them. According to the postulate of geometrization of physical
quantities we shall obtain equations where on the left-hand side there will
be geometrical quantities and on the right-hand side matter quantities. In
this way matter quantities will be sources of geometry. We shall obtain an
interpretation of electromagnetic polarization as a torsion related to the
fifth dimension. We get equations of gravitation in the Einstein-Cartan
theory. On the right-hand side as source will be the sum of energy-momentum
tensors of electromagnetic field with polarization of matter in the form
given by W. Israel (Bailey and Israel, 1975; Israel, 1977, 1974) and of
matter. Additionally there will be also a component 7g,zM,, M*", where
M,, is a tensor of electromagnetic polarization of matter. This additional
component has been obtained similarly, as the component with contact
interaction (spin) X (spin) in the Finstein—Cartan theory. The new compo-
nent may be treated as a contact interaction (electromagnetic moment) X
(electromagnetic moment). The role of this component will be estimated and
compared with the effects originated from Einstein-Cartan theory in Sec-
tion 4. An equation of motion of a charged particle in an electromagnetic
field in space with torsion will be derived from the equation of a geodetic
line. We also derive the second pair of Maxwell equations in terms of
derivatives with respect to connection with torsion. This will give us an
additional internal current related to spin. The role of this current will be
estimated in Sections 4 and 5. From Bianchi’s identity we get conservation
laws of energy-momentum, angular momentum, and charge. In this chapter
we also analyze an example of an application of this theory, i.e., the vector
field on the five-dimensional manifold P.

3.2. Formulation of the Problem. We introduce an electromagnetic
bundle P with natural metrization and a metrical connection «w?y on P
invariant under a transformation of U(1). The connection w?j is not
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necessarily Riemannian. We also define a connection @*# metrical, but not
necessarily Riemannian on E. As far as indices are concerned, we follow the
conventions given in Section 2. We assume that an overbar above a symbol
denoting connection, covariant derivation, curvature, or some other quan-
tity indicates that the quantity is defined on E, whereas a tilde means a
quantity depending on Riemannian connection, e.g., i"ﬁ means Riemannian
connection on E. Now we have (E, g, %) a four-dimensional manifold
with metrical connection, metrical tensor g with the signature (—— — +),
and (P,vy,w",) a five-dimensional manifold with the metrical connection
w?p. Thus

Dy,;=0, Lolp= (3.1)

5

Separating w, =&, 51k ,p into a Riemannian part and a defect «,, we
have by virtue of (3.1)

Kqp= "Kpy (3.2)

?KAB:O (3.3)

The most general form of k ,; obeying the equations (3.2) and (3.3) is
7 (k) 417 (Kep)0* | (L 07) 7 (2)0°

Kip—

—W*(LBYH_Y)—W*(ZB)BS l 0] G4

Ly, KW?Z :Kﬂa, Z, are tensors on E, whereas i, ;= —ip, is a defect of
connection &,z on E and
Eaﬁzaaﬂ+'za[3 (35)

The most general form of a connection satisfying the condition (3.1) is

wa[,:w*(ﬁaﬁ) +7T*(Fa,8+Kaﬁ)05
wasz—wSQZw*[(Fayﬂ-Luy)ﬂ—y] +7*(Z,)6° (3.6)

wss=0

We put A=2 in (2.16). By applying (3.6) we write down coefficients of the
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connection W, p:

I‘;Y = féx}’

D3 =FtLs, T5=2 (3.7)

gs=F+ K%, Tg=2z°

I3=F*+L°, 2,=r=0
By using (3.7) we define an equation of geodetic line

B

u? v put=0 (3.8)

in the following form:

Bua a a a 5

— T QF Kt Lo )ufu’=0
L Pt ZyuPus=0 (3.9)
dr Byu U Bu u — .

where vector u“ is normalized
apuuf=1 (3.10)

In general, equations (3.9) do not have an integral of motion u’=const.
They will have it only when

Lp,=0 and Z,=0 (3.11)
Thus we obtain

Du*
dt

+(2F%+ K%+ L% )uPu’=0,  u’=const (3.12)

where L = —Lg,. So the condition (3.11) must be added to (3.6) and (3.7).
This is forced by a physical necessity to keep q/m, constant for a test
particle along a world line. It corresponds to the well-known interpretation
of #° in the classical Klein—Kaluza theory. To be in line with the conven-
tional interpretation of geodetics in that theory we put

2H=2F+K%+L% (3.13)
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and regard H*; as a measure of strength of electromagnetic field acting on a
test particle. Thus the equations (3.12) become
Du®
dt

+2u’H%uf=0,  u’=const (3.12a)
Hence formally, they do not differ from (2.49)

3.3. Geometry of Manifold P. Using (3.13), (3.11), and (3.6) we get
wa,B:W*(aaB) +‘"'*[Haﬁ_ %(LaB‘K«xB)] 6°
Wos = ~Ws =" { [Hay+%(ley—Kay)] 0_7}
wss=0 (3.14)
Now we calculate forms of torsions of w,g:
©4=Dg4 (3.15)
Applying (3.14) and (3.15) we obtain
Or=a*(0F) +a*[(LE—K} ) 6] A3
@5=n*(L,0°NE7) (3.16)

where ©* is a torsion of w,g on E. It is worth noticing that the form ©° is
horizontal, so it does not depend on a choice of section of bundle P (choice
of gauge). The horizontality is due to the vanishing of vector Z,, for we have
in general

@5=n*(L, 408 NG ) —7*(Z,0% ) N6° (3.17)

Now, let us turn back to the equation (3.12a). It is obvious that the test
particle is sensitive only to the sum of tensors K, and L, ;. Nevertheless the
difference K ,5—L,g appears both in formula (3.13) and in the first one of
(3.16). Because of this it seems natural to assume

K=L,g (3.18)

Thanks to (3.18) forms of torsion of connection become horizontal (they do
not depend on a choice of gauge). The equation of geodetics takes the shape
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(3.12a), but with H,g=F,s+K 5. We also get

@r=m*(0") (3.19)

@’ =n*(K 0P N6°) (3.20)
Now it is clear that we add to (3.1) one more assumption, viz.,
04 =hor 04 (3.21)

This is a simple geometrical condition having some physical motivation.
This condition leads to a separation of torsion of space-time from torsion
related to the fifth dimension and makes possible a correspondence to the
Einstein—Cartan theory. For instance we would not obtain the relation
between spin and torsion known from the Finstein—Cartan theory if Z,#0.
For an arbitrary gauge group G the horizontality of torsion has the identical
motivation. When G is non-Abelian the condition (3.1) must be modified,
and it will be discussed in Section 6. Inserting (3.18) into (3.14) we obtain

waﬂzw*(aaﬂ) +77'*(Ha3)‘95
Wos= —wSaZW*(HMJY) (3.22)
wss=0
and
a — T« 5 —

rﬁY—FBY’ F,B‘I_HBY

[gs=T5=H% (3.23)
The rest of the coefficients are equal to zero. Observe that formulas (3.22)
and (3.23) formally look like formulas (2.16) and (2.24) from the classical
Klein—-Kaluza theory. A torsion, thanks to the condition of horizontality,
becomes independent on a section. Thus this torsion (especially ©°), simi-
larly to curvature of connection of the principal bundle P, will have an
absolute character of the same type as the strength of the electromagnetic

field. In Section 6 we shall discuss in a similar context a form © with values
in Lie’s algebra of G.
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Now let us calculate a two-form of curvature of w,5; using (3.22) and
(1.12) we obtain

=%+ DH NG+ (H F,,+ H®, Hy, )0+ NG
Q=D (Hp0%) +(H, H 0" )NO =~ (3.24)
Q%=0
We deleted horizontal lift #* in formulas (3.24). Defining forms
R*B .=R"E_ §¢ (3.25)

in a similar way as in the paper by Trautman (1972), we easily conclude
them from formulas (3.24):

aff — pe pony aBgs a gv o gv
Rf =R** +v H*0°+2HFF 0"+2Hr HE0
R ;=—DH**
_ = N o 8Bp 5
R¥ =2(v, HE+HPQ, ,)0°+H, H*f (3.26)
w _
R¥=—H HJf"

The rest of forms R equal zero. We also calculate forms Qf as in the
Einstein—Cartan theory (Trautman, 1972)

=070 (3.27)
Using (3.27), (3.19), and (3.20) we obtain
0°,=0",
Q°,=—2K p8° (3.28)
The rest of the forms of Q equal zero.

In formulas (3.26) and (3.28) we have omitted lift 7*. In these formulas
forms R*#, and Q* mean analogical forms on E.

3.4. Variational Principle. Field Equations. As in Section 2, we for-
mulate a variational principle for a scalar of curvature K constructed for
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K=1n,, Q48 (3.29)

We vary K with respect t0 w, g, v,5, and 6. Since independent quantities
are only 0,5, K, 8.8 6°, 6> (due to constraints) we vary K with respect to
these quantities. Thus, we have

8K=080"Ne,+18g,, EF— 100", \pENG*+8KF ;K +exact form

K
(3.30)

Analogous formulas for e, and E*# can be obtained from (2.27) and (2.28)
by replacing in them Q€ with the curvature of w,,. In order to calculate
variations with respect to independent components of w,, we take variation
of K with respect to w,p with constant v, and 64

(8K)07,7,5=— 186" /p,? (a3
where
pL=—Dnp (3.32)
By substituting formulas (2.20) and (3.22) into (3.32) we obtain
PUp=p N0 +2K %0
p’p=—p%=Dij (3.33)
p’s=0

Then by inserting (3.33) into (2.31) and varying K with respect to w,; and
K,z we casily get

(6K)0A,7AB=—%86%/\5}/\05—81("‘3[(““17/\05 (3.34)
and finally
)
gl%z——KaBﬁ/\W (3.35)

In formulas (3.33), p% is the Palatini form on manifold E (in @,g). It is
given by formulas analogous to (3.32) but for quantities defined on E. In
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the same way as in Section 2 we can calculate forms of ¢, and E*f by
putting into formulas (2.27) and (2.28) the form Q§ given by (3.24). After
simple calculations we obtain

e =2 N0+ ( H"E,,i,

—H"H, i, +2H ™, i ) 63
+(v HY,+H 0P )i
=V HFYG N0+ 15, , A Q¥+ HF f+ L H, H™7  (3.36)
Ef=[E—(H* P+ HE?) 7+ 1g(F>—K?) 7| \6°
where F2=F, F*, K’=K, K". E*f, " are, respectively, the symmetrical
Einstein form and the Einstein form built from ., (on manifold E). For

simplicity we omitted in formulas (3.33) and (3.36) the horizontal lift «*.
Let us consider the sources. Define a 5-form:

A=A(v,p, 0", "5, 7,) (3.37)

on a manifold P. We vary A with respect to independent quantities, 1.€., g,p,
6, 6°, ©up> K,p, ¥,. Form A serves here as a generalized Lagrangian, and
we put

PA=0

$s (3.38)

By varying with respect to independent variables we obtain

BA=80" Nt +38g,m*(T#) AO°+ 38w (@) Am*(5,5) A6

+38Kgm*( MEq ) NO°+ L8, + exact form (3.39)

where S# is a form of spin and 7% is a tensor of energy-momentum of
matter, ¥, is a set of “matter” variables, and L?=0 is an equation of motion
of matter. Quantities ¥, may be either fields or macroscopic variables, i.e.,
density, enthalpy, pressure. Later on we shall analyze particular A and V,.
It is clear that we have

£t,=0
$s (3.40)
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and the most general form of ¢, is

te=m*(1,) NO 7 (31,7

ts=a* (345, ) A0 +a*(e77) (3.41)
1, 1s a form of energy-momentum of matter and j=;*1, is a form of current.
The quantity i, is only an auxiliary one and will be eliminated by the
Bianchi identity. ¢ is related to a horizontal part of 75 and eliminated from

field equations by Lagrange multipliers.
Notice that from (3.38) we have

A(Yap. 07, 015, %,) =L (2,5, 0%, 0%, B, HE, W, ) (3.42)

where £ is a 5-form on P. It is easy to understand that

188 1 88 1 8P
* af—~ 52 - _ _
(M) N = 5 5 =2 5F,, ~ 2 5K,

(3.43)

One will see from the definition of M*# in (3.43) and (3.39) that we interpret
this quantity as electromagnetic polarization. Let us now consider the
variational principle

5[ (K~870)=0, VCP (3.44)

We shall obtain equations from (3.44) by varying K—8«A with respect to
independent variables
01, Zap> w%, K, ¥,

Constraints yss= — 1, v5,,=0 (discussed in Section 2) allow us in principle to
introduce Lagrange’s multipliers to eliminate equations connected with the
horizontal part of e5 and ¢. But we shall not discuss this point in detail in
this paper.

Let us now write Cartan’s equation, i.e., the equation obtained as a
result of varying K—87A with respect to w* . This yields

ﬁa,B: - 877"8_'(!5

K= —47Myp (3.45)

The first equation of (3.45) is Cartan’s equation known from the Einstein—
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Cartan theory. This equation connects torsion with spin. The second
equation is a new one which establishes a geometrical interpretation of
electromagnetic polarization as torsion related to the fifth dimension. Using
this equation we see that

H,p=F,p—47M,g (3.46)

and we interpret H,, as the second tensor of strength of electromagnetic
field. Varying K—8IIA with respect to g,z we obtain the following equa-
tion:

em
E*f=8q ( T°F + T*F+7g*fM>y ) (3.47)
where

MZIM’“,M’”’
e 1 1

aff — o a\~=__ - _afrl2=—
T8 = W(Hul:llﬂ_;_Huﬁp;)n > F2y

2— v
F*=F, F*

It is worth noting that to obtain (3.47) we have used equations (3.37) and
the second equation of (3.45). Variations with respect to 64 =(0%, 0°) yield
the following equations:

em ~
Ea=87r( ty +ta+7rM2ﬁa) (3.48)
where
em _ 1 iyp = 1 5
Iy __4_7; H 'F;La’n'y—ZF Na
and
v H"P=4x7)7 (3.49)
v HY+H0F, =4mi, (3.50)

Constraints eliminate an equation in which ¢ appears. The equation (3.50)
can be reduced to (3.49) by Bianchi’s identities.
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Equations (3.47) and (3.48) are equivalent because of identities known
from the Einstein—Cartan theory (Trautman, 1972)

Ef=0,Ne,—4Dp,g (3.51)
T,5=0 N t,~ DS, (3.52)
cm em

and the relation between 7% and t,. Equations (3.47) and (3.48) are
equations of gravitation in Einstein—Cartan theory. Equation (3.49) is the
second pair of Maxwell equations for the second tensor of strength of
electromagnetic field H,z. Derivatives in (3.49) are covariant derivatives

cm
with respect to @, (with torsion). The tensor T*f is a symmetrized form of
em
the tensor t*#, where

em  em

a — taBﬁB

3.5. Interpretations of M,z and K 5. Comparison to W. Israel’s Results.
Now we give an interpretation of the equations achieved in Seecrslion 3.4 and
quantities introduced there. First we notice that quantities T*f and etT
introduced in (3.47) and (3.48) may be regarded as forms of energy-
momentum of electromagnetic field symmetrical and nonsymmetrical, re-
specticynely. H,p is regarded as the second tensor of electromagnetic field.

t, is a form of energy-momentum reported in Israel’s papers (Bailey

cm
and Israel, 1975; Israel, 1977, 1974) and T8 3 symmetrized form of Israel’s

tensor.

The second equation (3.45) defines a relation between torsion in fifth
dimension and electromagnetic polarization of matter. It is an illustration of
Einstein’s postulate that matter quantities are on the right-hand side of
equations and geometrical ones on the left-hand side of them. Electromag-
netic polarization becomes the source of torsion. This equation is algebrai-
cal, so torsion is present and nonvanishing only when electromagnetic
polarization does not vanish hence a torsion may not be zero only when
matter is present. This equation is of the same type as the equation relating
spin to torsion in Einstein—Cartan theory and it has been achieved in a
similar way. Let us now introduce a two-form of electromagnetic polariza-
tion

M=1M, 0*NO" (3.53)
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and a two-form of the second tensor of strength of electromagnetic field
H=1H, ,0°Ng* (3.54)

Taking into account the second equation of (3.45) and (3.20) we get
Q—10°=a*(H) (3.55)

Equation (3.55) establishes a relation between “matter” and geometrical
quantities. Actually it states that form H, a “matter” quantity, is a source of
a geometrical quantity. The equation (3.55) is an analogon of the equation
(2.8) present in the classical Klein—Kaluza theory.

In Section 6 we shall obtain a generalization of equation (3.55) when
the gauge group is not just U(1) and may be non-Abelian.

Instead of (3.45) we can write

O3 =ga*(M) (3.56)

Now let us turn back to equations (3.47) and (3.48). Define the symbols

€m em.tot

T°F +ug*fM*= T

em.tot

¢m
t, +aMi,= 1, (3.57)

and
tot em.tot

T = T 1 Fub

tot em.tot

L= t, +t, (3.58)

o

Then equations (3.47) and (3.48) take a form

tot

E*f=8g T

tot

e,=8nt, (3.59)

Thus equations (3.59) are the Einstein—Cartan equations with the sum of
the following energy-momentum tensors: of matter, of electromagnetic field
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(of Israel type with polarization of matter taken into account), plus a new

additional pressure-type component. We shall analyze this component
em.tot

—aM? .5 and estimate its role. We have introduced symbols T*# and
em.tot
t, because the additional component with M 2ZM,”, M* may be treated

as aa kind of electromagnetic interaction. This is a contact interaction
(electromagnetic polarization) X (electromagnetic polarization). This interac-
tion appears due to torsion related to the fifth dimension and is of the same
type and origin as a (spin)X(spin) interaction in the Einstein—Cartan
theory. ‘

The (spin) X (spin) interaction in the Einstein—Cartan theory is consid-
ered to be of gravitational origin. So it seems natural that we consider the
new interaction the additional electromagnetic interaction. Perhaps this
interaction may be related to a nonlinear electrodynamics. In Section 4 we
shall discuss some consequences of the existence of this interaction.

In their work Bailey and Israel (1975) analyzed, in a phenomenological
way, a theory of spinning particles, electrically charged with magnetic
moment. The procedure developed by us in this chapter geometrizes W.
Israel’s results and leads to some new additional effects. Namely, the new
features of our theory when compared with Israel’'s model are the ap-
pearance of the component M zgaB and the fact that the second pair of
Maxwell equations are written by aid of covariant derivatives with respect
to connection with torsion.

Israel’s theory does not use Einstein—Cartan theory as a gravitational
theory. For this reason many interesting geometrical relationships cannot be
obtained in this theory. It seems to us that both the role of torsion and the
program of geometrization of matter quantities were underestimated in the
Israel approach to the problem.

3.6. Bianchi’s Identities. Conservation Laws. We obtain the contracted
Bianchi’s identities from the Bianchi identity (1.16)

De,=Q% Ney—3R%, Apye
Dp,p=egN8,—e Ny (3.60)
Substituting equations (3.36),(3.33), and field equations (3.45),(3.48),(3.49)

into the second of (3.60) and taking formulas (3.26) and (3.28) into account
we get the angular momentum conservation:

tot tot

DS =0~ tg =GN 1, (3.61)
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and the identity
4W(jtx+ia):%Haa§B+HYb‘S—'yﬁa (362)

where §8:§737. The last identity is not a new conservation law. It only
establishes the relation between j, and i,,. In this way it eliminates equation
(3.50), reducing it to (3.49). Finally we have got the equation (3.49) as the
only equation of electromagnetic field (the second pair of Maxwell equa-
tions).

This equation is written by aid of covariant derivatives with respect to a
connection with torsion. We can write them as Riemannian derivatives on E
and spin. We have

Vg HP="7 gH+n8",, HP® (3.63)

Thus equation (3.49) is equivalent to

tot

v HP=dg ) (3.64)
where
tot _
JY SR S g HE (3.65)
The internal current j¥=— 4§ */MHB“ satisfies the generalized “Ohm’s law”

(proportionalitty to strength of field). In Section 4 we estimate the contribu-
ot

tion of j¥ to j¥, and in Section 5 we find certain other implications of the
existence of this current. Here we only notice that jY is of gravitational-
electromagnetic nature. Thanks to this, both gravitational and electromag-
netic fields are more strongly interrelated than in classical Klein—Kaluza
theory.

Now let us turn back to the first equation of (3.60). We get from it

__tot tot
t

Dit,=Q8Nt, ~{RFI NS, (3.66)

i.e., conservation law of energy-momentum in the Einstein—Cartan theory
for total energy matter and electromagnetic and gravitational fields. We also
obtain the continuity equation

tot tot tot

dj =0, j=j77, (3.67)

i.e., conservation of a charge.
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Thus we have achieved the following laws: energy-momentum con-
servation, conservation of charge, and angular momentum conservation.

3.7. Geodetic Lines. Interpretation. Equations of geodetic line (3.12a)
on manifold P could be interpreted as an equation of motion of a test
particle in both electromagnetic and gravitational fields. A particle without
spin is believed, in the Einstein—Cartan theory, to move along the Riemann-
ian geodetic line. But the equation (3.12a) cannot be regarded as an
equation of motion of a spinning particle (there is no component with a
magnetic moment). So, in our theory the equation of motion of a test -
particle is

o
24% +2u’HguP=0,  uw’=const (3.68)
It is an equation of geodetic line on manifold P with respect to the
connection &, which differs from w, only in that

B =T+ (W) + H g0 F 0

In Lorentz’s force term in the equation (3.68) there is the tensor H,z= F,5+
K, that describes a total electromagnetic field with a polarization of
matter. Thus, the equation (3.68) is a generalization of both the equation of
motion of a spinless particle in the Einstein—Cartan theory and equation
(2.51) from the Klein-Kaluza theory.

3.8. Example. Vector Field Charged on P. Let us define a vector field
on P

W(pgy)=o(gr") Wi(p)
Wi(pg)=W*(p)o(g)
p=(x,g)EP, g, €U(1)
0:U(1)~GL(5,¢) (3.69)
For any section f: E— P we have
fWa=(Wi ') (3.70)

W, and ¢ are a vector and scalar field, respectively, defined on E. Interac-
tion among field W, and gravitational and electromagnetic fields described
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by the Klein—Kaluza theory with torsion is introduced by taking in Lagrange
form derivatives in the form

DW,=hor DW,
DW* =hor DW* (3.71)
Thus we have
W, =DW,—¢H, 07
DWy=d,p— WFH, 07 (3.72)
Pwra=DW*e—g* Hefk (3.73)
DW= —(d,p*— W*PH, 87)

These formulas have been obtained with the aid of (3.22). &) is an exterior
differential with respect to both 7*(wg) and a “gauge”, e.g., we have

W, =horDW, (3.74)
Now let us analyze Lagrange 5-form
A=k DW N (DWA*),  k=const (3.75)

Substituting formulas (3.72) and (3.73) into (3.75) we easily find

A:KW*[@%A(@W*“)#—dqu/\(dl‘P*)#] N>+
+xHYa[¢*($7_iqu)W!+¢(—€V+iqAY)W+
+ (ay—iqu)m*W;W—(87+iqA,)‘P*Wa]/\H*(ﬁ)/\05+

+(|p[PH, g HP — WeW*PHH, V*(77) N3 (3.76)

In formula (3.76), apart from the sum of Lagrangians of both scalar and
vector fields, the additional interferential components appeared. According
to our rules we calculate variations with respect to independent variables of
a connection obtaining both spin and electromagnetical polarization.
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We have
M= "[‘P* (V o i0A1a) Way+ @ (7 1ot igAra) W3+ (31— igAy) W75 +
+(01atigA ) 9* Wiy + 209 Hog— Wi W TH,y 0 — WEW H, Mm]
(3.77)
Unfortunately the equation (3.77) is so complicated that a general analysis
of it seems to be a really difficult task. So we discuss here only a particular
case when W, =0.
Jjf W,=0; then we have
A=a*[—kd oA (d\0*)| NO>+k||H,, HTNE (3.78)
and

M p=2x|pPH, (3.79)

From equation (3.45) it follows that

8| )
K ,g=———— 3.80
o 1+ 8mklg]? (3.80)
and
F
o (3.80a)

Hy=—
B 1+ 8kl

This particular case has an interesting feature—the form of spin vanishes.
Hence the torsion of space-time vanishes as well, but it still is not equal to
zero in the fifth dimension. From the equation (3.78) we get a field equation

S

Zop(8°—igA*) (95 —igAP) =8¢ ————
g (1 +87m}<p]2)2

(3.81)

where

§=-}E,F*'=(B~E?)

So, in equations (3.81) has appeared a component with an effective mass
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depending on electromagnetic field. In some very strong electromagnetic
fields such a “mass” could have reasonable values. And we see that in the
case just discussed the field causes the creation of a polarization of vacuum
(3.80). Notice also that the geometrical quantity W, defined on P may be
regarded as a multiplet of vector W, and scalar ¢ fields taken in any gauge.
This can be extended to any gauge group G. In Section 5 the spinor field ¥
will be treated in a similar way. We shall use there the derivative 9 as well.

4. APPLICATIONS

In this section we discuss new physical effects appearing in the Klein—
Kaluza theory with torsion. We estimate the contribution of a new addi-
tional pressure-type component. We shall define a component describing
coupling between electromagnetic field and spin in the Einstein—Cartan
theory and we shall also arrive at a cosmological model without either initial
or final singularities in R(¢)—the radius of the universe. The equation (3.59)
may be written in tensor notation (we turn back to the cgs system):

— — 837G en
Rmﬁ—%gaﬁRZ———c4 tagt Lap +7rM2gaB (4.1)
where

€m

log = ZI; (HEF, g~ £F8,5)

is a tensor of energy-momentum of electromagnetic field in Israel’s form.
We also write the equation (3.45) in the tensor notation

N a and  — 87G Qa
Q By*‘sﬁQava“staﬁa“‘g‘S By (4.2)

By applying formula (4.2) and the relation between the Riemannian connec-
tion and Cartanian one on E we obtain the formula (4.1) in the form known
from the work of Arkuszewski, Kopczynski, and Ponomariew (1974):

= = 387G o 2 anG = (& S S,
Rop= 480 R==2" (tm fop +TIM gaﬂ) o Vol St St )

(411G
3

2
S oo
- ) [28.5,57+28,,58%7,+5,,,57,

+gaﬁ(‘§'§7_§8w§#ﬁ_%*STSW*STYHY)] (4.3)

where S, =5 Ty
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Now let us consider the simple model described by the following
formulas:

1%=uhg—pdy
§“BY=u"SB7, uﬁSBY:O
Mp=pS,p
Ja=ngcu, (4.4)

This is a dust model, where hg 1s a four-vector of enthalpy, u, is a
four-vector of velocity, p is a gyromagnetic ratio, # is a concentration of
dust particles, and g is a charge of a dust particle. Quantities (4.4) must
obey the Bianchi identities, i.e., conservations law, in particular angular
momentum conservation, which has the form

= 1~ - 1- - 1 _

DS,g= 0. Nig= —GpNty— — (MLF,.— MEF, )i (4.5)

Substituting (4.4) into the formula (4.5) we obtain the formula for hg:
he=(e+p)ugtcuu’Vv Spa—u'(M® Foo—M%F, ) (4.6)

Inserting (4.6) into the first formula of (4.4) and using the relation between
M,p and S,z we get

lag= (e+p)uuuB+pgaﬂ+cuau‘su’éySBs—puaS‘sﬁl%qu 4.7

where e=t,,qgu"‘u‘g is the density of energy. Applying the formuia (4.7) and
(4.4) and (4.3) we finally obtain

=~ -~ 8'n‘G em.vac.

) uugt

Nl~

c4

( p— L 52 o ) Zapt
c?
—C(g%+uu? )V S, Upy+0 (oS Fy u’—S*,Eyp)

(4.8)
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In the formula (4.8) we have explicit a term of coupling between spin and
electromagnetic field. Namely, it is

o(u,u'S Fy, —S* E,5) (4.9)

Now we conclude that (4.9) is the term that has been searched for in the
Einstein—Cartan theory.

§2=15,45°

em.vac.
and t,; is a tensor of energy-momentum of electromagnetic field in

vacuum.

The additional component (4.9) may influence the evolution of stars
with magnetic field. It would be very interesting to analyze this term in
relation to a theory of neutron stars. In such a case p would be a nuclear
magneton. Now let us irtroduce the symbols

276G 27w G

Peg=p— 5§ =2mp’S?=p g~ —-S?
c c
Cop=€— 2772G S§2+2mp’S?=e,,,— ————27TZGS2 (4.10)
c c
and
Piy=P— 2mpS?
e =e+2mp*S? (4.11)

The formula (4.8) really differs from the analogous formula given in
Arkuszewski, Kopczynski, and Ponomariew (1974). The differences are as
follows. First of all there is a component giving a coupling between
electromagnetic field and spin on the right-hand side of the equation.
Secondly there has appeared an additional pressure-type component. This
component gives a correction to ¢ and p. However, the correction term to e
has a reverse sign from the correction in the Einstein—Cartan theory. Now
we estimate the contribution of this new correction in relation to that
known from the Einstein—Cartan theory. To do this we assume that our
fluid is a nuclear fluid, thus

.4
P m,c
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Taking the ratio of these two corrections we have

new component connected to the fifth dimension ~_ ¢%?
additional component known in Einstein—Cartan theory G
2
= ____q2 ~10%
m*,G

An interesting fact is that the ratio g> /msz is simply equal to the ratio of
electric interaction of two protons to their gravitational interaction. Now let
us estimate a density for which this correction will be comparable to the
density of energy e.

We have
2,252
S=1inh, ZWpZSZ:g—n—z—h?, e=m,c’n
dmc
Assuming that
anZhZ

2
e~m c’n=~
P 4mp>c?

we obtain

n,~10% cm™3
But it is known that the correction to e in the Einstein—Cartan theory is
comparable to e for a concentration

n,~10"” cm™3

Concentrations n, and n, correspond to matter densities:

p,=10%gem™3,  p,=10* gem™

3
The same order of concentration as », is possible in the center of a neutron
star. So this correction should play a certain role in the evolution of a
neutron star, gravitational collapse, and in cosmological models. Notice also
that for an electron gas we have

n,=10% cm™3
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Now we turn to estimating the contribution of additional current j¥ to total
current. Let us consider the equation (3.64)

4,” tot

VpHP= (44)
where

tot

jY =u"{ nge— 4—G—Fﬂas,,a+ 27G S2) (4.12)

tot
The current ;¥ may be regarded as a convective current by introducing

+p27TGS

Gest= ancd ne?

tot

JY =ncq g u? (4.13)

We estimate now a density for which the second correction to g is
comparable to ¢. Putting S=4n#A we obtain

7Gqh*n _
2m ¢
from which it follows that
2m c*

n~—2>2_~10"%cm 3
wGh>

Notice that » is the same order as the density n, in the Einstein—Cartan
theory. The first correction to g, depends on the electromagnetic field and
gives a certain “electromagnetic structure” of an effective charge, but is very
small and unobservable in normal situations. Now let us consider once more
the equation (4.8). It seems quite interesting to analyze cosmological models
based on it. Let us adapt the already existing Kopczynski models to
estimate the role of an additional component related to the square of
electromagnetic polarization. We neglect components connected with de-
rivatives of spin and we include electromagnetic field in the matter term.
We also put a metric tensor in the Robertson-Walker form

dx?+dy*+dz?
1+ K (x*+y>+2?)

ds*=c*dr*—R*(¢) (4.14)
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where K=0, = 1. The equation (4.8) takes the form

= = 87G
Raﬁ_%RgaB: —04— [(qeff+peff)uauﬁ_peffgaﬁ] (4.15)

We assume in addition 6=S5,,70 and §,,=0 when p+»73. It is easy to see
from (4.5) the spin conservation law as in the Einstein—Cartan theory

d(Su)=0 (4.16)
where
§=(318,p5741) "
Inserting (4.16) into our cosmological model we obtain
§*=1S,p8%=0"
476R>=p=const (4.17)

We get Friedmann’s equations after substituting (4.17) and (4.14) into (4.15)

8¢ _ R R* K
ot Pett= 2R?2  2R? R?

87G R?* 3K

- Cert™ R R (4.18)

Assuming that p=0 and substituting (4.10) we finally get

2R  R* %G (G ,) , Ke?
—R-‘+*I-i3 c2R6 (CZ +27Tp )+ Rz =0 (419)

and

87G _ 3R*  9G , 3K
& Co= g T s +7§ (4.20)

where e, is given by (4.11). Using (4.17) we have

2.2
etot:e+ :’:)‘R‘?G (421)
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Now let us examine equation (4.19) and find a first integral of (4.19)

R?> MG 3u°G ( G ) Kc?
—_——— + —— 422
2 TR 2R 2mp ) (4.22)
Where M is a constant of integration. We shall find its interpretation by
substituting (4.22) into (4.20) and using (4.21).
In effect we have

4

—3—R3em:Mc2 (4.23)
So we see that M has an interpretation of the total mass of the universe.
Notice that it is just the energy e, that is conserved but not & The last fact
is obvious for we have achieved the conservation law for t . Now let us
consider the equation (4.22). Its solution is

2 172

sy

as in Kopezynski’s work (1973). We perform integration for K=0 and get

R(1)= [GM’ 2;;2 ( G 2 )}1/3 (4.25)

We obtain the three types of models of the universe with minimal radii
R ;.70 elliptical, flat, hyperbolical. From the equation (4.22) we obtain for
turning points R=0

2MG 3p?
KRy~ =27 R+ ’;G(%prz):o (4.26)

In the elliptical case solutions (4.26) give both minimal and maximal radius
of the universe. For the flat case K=0 we get

Rmi,J:R(O):[zi’;Zz ( G 2w ”1/3 (4.27)

Substituting M=m,N, N=10* and p=}AN (where N is the number of
nucleons in universe) into (4.27), we have

R_.,=~102cm (4.28)
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That is 12 orders more than in the models of Einstein-Cartan theory.
Estimation (4.28) will also be true for both elliptical and hyperbolical
models when the following condition is fulfilled:

2 W (G L\ 73
as in Kopczynski’s work (1973).

Now let us estimate the contribution of the component M2 to the
density of energy for the contemporary epoch, i.e., when R(#,)=10*® cm.
Then we have

2.2
Ap=B¢ = WP jg

= cm™? 4.30
¢t 87c®RS(t,) & (4.30)

At present Ap is so small that it is unmeasurable and we have
etot(t()):e(to)

Nevertheless for radii close to minimum Ae grows rapidly and at some point
the division into e and M? becomes meaningless because ¢ may become
negative. Knowing that

3IMc?

e, —=———— 4.31
tot 47)'R3 ( [) ( )
we calculate
tot tot 3M
max 0) =———=10"gem™3 4.32
P p(0) 42R(0) g (4.32)

The model presented here is nonrealistic because of neglecting the electro-
magnetic field which plays a basic role in the Klein-Kaluza theory with
torsion. A more realistic model would be a model of axial symmetry with
magnetic field. By using the term (4.9) we could obtain a coupling between
spin and magnetic field which is lacking in Einstein—Cartan theory. It seems
that the estimations of both minimal radius and maximal density remain
basically unchanged.

5. DIRAC’S EQUATION ON MANIFOLD P

In this chapter we deal with generalization of Dirac’s equation on
manifold P (metricized electromagnetic bundle). The results obtained here
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are similar to Thirring’s results (1972). All differences will be pointed out.
We will apply the generalized Dirac’s Lagrangian as a source in Klein—
Kaluza’s theory with torsion. And then we point out that in such a way the
electric dipole moment is a source of torsion in the fifth dimension. We
introduce several kinds of derivatives and by using them we get a generaliza-
tion of Dirac’s equation. Let us start from the gauge transformation of
spinors on £. We have

A—-A+dyx

= pel X, Y Pe X (5.1)

where x: E—~ R is a function of gauge change. Now we define spinor fields
on P, ¥ and V¥ such that

e¥¥=y°, e*v=v°
(5.2)

f*y=y7, frr=y/

where e and f are two sections of bundle P. Quantities ¢, ¢°, ¥/, ¢/ are
spinors taken in gauge ¢ and f. We assume that a transition between gauges
(sections) e and f is defined by the formula (2.4). Thus we have
Y=y eiax(™) Y=y e iaxx) (5.3)

Fields ¢, ¢ are defined on E:

y: E— ¢ 4
whereas fields ¥, ¥ are defined on P:

V. P> ¢ 4

And we have

¥(pg)=o(g ")¥(p)

¥(pg,)=¥(p)o(g;) (5.4)

where

p=(x,g)EP, g, g€U(1)
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Obviously we have

¥(e(x))=n*(v*(x))

¥(e(x))=n*(¥(x)) (5.5)
Let us define a gauge derivative of field . It is clear that

d¥=§¥0"+{ V0 (5.6)
and
d\¥=hord¥={ ¥6* (5.7)

where for {u we have

[§: 6] = A7 (E, )85+ CPL8

[£,.¢5]=0 (5.8)
C#,, are coefficients of nonholonomity (in Section 2 we have had only a

partially nonholonomical coordinate system).
Let ypEB(¢4) be Dirac’s matrices obeying the conventional relation

{‘Yp.’ Yv} :27);1.1/ (59)

[where 7, is Minkowski’s tensor of signature (— — — +)] and let B=B * be
a matrix such as

y**=By*B~!,  ¥=¥TB (5.10)

where “+” is a Hermitian conjugation. We assume the existence of a global
orthonormal coordinate system §* on E. The infinitesimal change of frame
#* yields
Gir =+ 564 = — e2 G
g, te, =0 (5.11)

wr ' Cep

If spinor field ¢ corresponds to coordinate system 6*, and ¢’ to 6", then we
have

Y'=y+8y=y—eo,y

Y=y +8y=¢+jo, e (5.12)
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where
0,=3[% 7] (5.13)

Fields ¥ and ¥ are defined on P and P is assumed to have an orthonormal
coordinate system 4. This coordinate system is nonholonomical; a metric
tensor g, has a signature (— — — + —) and is diagonal. Its components are
equal to 0=1.

It is easy to see that

(Vo v} =2845 (5.14)
where y>=y'y2y3y*€R(€*) and y4=(y%,v>); for y°> we also have
y3*=By’B~' and ¥=¥'B (5.15)
So
y4*=By4B™! (5.16)
We perform an infinitesimal change of frame 0.
6 =04+06041=04—¢30" epteg,=0 (5.17)
If spinor field ¥ corresponds to 4, and ¥’ to 8, then we have
V=¥ +8¥=V¥—¢185, ¥
V=Y +8¥ =V +¥g, 2 (5.18)
where
6=50v4> el
Notice that the dimension of spinor space for 2n-dimensional space is 2"
and it is the same for a (2n+ 1)-dimensional one. We take a spinor field for
a five-dimensional space P and assume that dependence on the fifth
dimension is trivial, i.e., (5.4). Taking a section we obtain spinor fields on E
(the same dimension of spinor space). Spinor fields ¥, ¥ transform on P
according to formula (5.18) and spinor fields ¢, ¥ on E according to (5.12).
In the case of any gauge group G the situation becomes more complicated—

after projecting on E we obtain several different spinor fields. We shall
discuss this in Section 6.
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Now let us take differentials of fields ¢ and ¢ with respect to @waf
(Riemannian on E). We have

Dy=dy+i,40%y
DY=di—5,400, (5.19)

and introduce a Lagrange form of Dirac’s field only

BD(\p,J,d):i%‘i(Jl/\ dy+dyNIY)+miby (5.20)

where /=y, 7"*. A coupling between ¢ and gravitation is introduced by

replacing a normal exterior differential by a covariant exterior differential D
(i.e., Riemannian in general relativity theory) or D (in Einstein-Cartan
theory) in £,. Consider a covariant derivation of spinor fields ¥ and ¥ on
P. We have

DY =d¥— "84, , (5.21)
with respect to Riemannian connection &@,,. An analogous formula holds

with respect to connection w,, g, i.e., the Cartanian one on P. Now introduce
derivatives % (as in Section 3 for W,), i.e., “gauge” derivatives:

¥ =hor D¥ (5.22)
Using (2.16) we obtain

DY =D — {AF, [y, v5] ¥

I

DT=DT+INF T [y,,v,]0* (5.23)

The derivative 9 is a covariant derivative with respect to both 7*(w, g) and
“gauge” at once. It introduces an interaction between electromagnetic and
gravitational fields with Dirac’s spinor in a classical already known way.
Now let us turn to the Lagrange form (5.20) and lift it on manifold P.
In order to do this we have to pass from d to d, and from spinors ¢, Y to
¥, ¥. Then we obtain the Dirac Lagrangian with an electromagnetic cou-
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pling in a classical form. Nevertheless we still can work with the derivative

&) defined by the formula (5.22). In such a case a Dirac Lagrangian takes
the form

Lol ¥, ¥, D) =Lihc (VINDO+DY NIV ) +m¥ Ty (5.24)

where / :n#y”Zﬁ“y“/\ﬂs. Obviously we may also take GLD instead of 9.
However, this will not lead to new effects. Using formulas (5.23) we obtain
after some algebra

e (T, ¥, D)=L, (¥, F,D)—i F¥ry50, %y (5.25)

2(Gr)"?
c
The Lagrangian £ (¥, ¥, @) describes the interaction between both electro-
magnetic and gravitational fields with spinor fields. £ (¥, ¥, Y is of course
of well-known classical form. .
It is clear now that by working with D we get no additional term in the
Lagrangian, namely,

,2G1/2
! c

hE*" Wys0,,¥ (5.26)

It is an interaction of an electromagnetic field with a dipole electric
moment:

2Gl/2 _ pl —32
- h= a—lﬁq— 107 *g[cm]

where g is the elementary charge. So we see that using spinors ¥ and ¥ and
a derivative %) in Klein-Kaluza theory, we have achieved an additional
gravitational-electromagnetic effect. It is just the existence of the electric
moment of a fermion, which value is composed of elementary constants
(only!). Thirring (1972) also has achieved in his paper a dipole electric
moment of a fermion of the same order. In his theory a minimal rest mass
of a fermion is so big that it can be measured in micrograms. The Thirring
dipole electric moment has a reverse sign compared to that given by our
theory. Apart from a dipole electric moment Thirring has also obtained the
anomalous magnetic moment of similar order. In Thirring’s theory both
anomalous momenta depend on the rest mass of a fermion. And to obtain a
dipole electric moment of the order 1077 the rest mass of a fermion usually
has to be about 1 pg (minimal Thirring rest mass). In some other cases
(larger rest mass) moments may be even smaller. Notice that in our case, the
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mass m may be arbitrary, e.g., m=0, and the value of our dipole electric
moment depends only on elementary constants. It is also worth noticing
that Thirring’s quantities ¥ and ¥ have nothing to do with our spinor fields
¥ and ¥ because of the mysterious quantity ¢ which is absent in our theory.
This quantity ¢ appeared in Thirring’s definition of the parity operator.

Now let us consider operations of reflections defined on a manifold P.
To carry this out we choose a local coordinate system on P

xA=(x*x%), x*=(x,t)
Then

¥(p)=¥(x")=¥((x,1),x’) (5.27)
and define the transformations space reflection II, time reversal T, charge

reflection C, and combined transformations I1C, 9 =TCII in the following
way:

YE(x, x%)=CT*(x*, —x°) (5.28)
where C~'y*C= —y**. Taking any section f we get

() (x*) = CP*(x*)

and a charge changes a sign. The reflection in coordinate x> as a charge

reflection has already been suggested by J. Rayski (1965). For the space
coordinate reflection we have

T{(xe, x3)=y*¥(—x, 1, x°) (5.29)
Taking section f we obtain
(W x, )=y (—x,1)
i.e., a normal operator of parity on E.
Thirring was forced to change the definition of a parity operator on

five-dimensional space, and he could not obtain a normal parity operator on
E. For the transformation of time reversal 7' we have

UT(x, 1, x%)=C yly2y3¥*(x, —1, —x°) (5.30)
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Taking section f we get

(¥)) (%, 1)=CTy'y* ¥} (/) *(x, — 1)

and a charge changes a sign, e.g., a normal time-reversal operator on
space-time. For the transformation © =IICT we put

YO(x, 1, x°)=—iy’ ¥(—x,t,x°) (5.31)

Taking section f we obtain

(¥)°(x,1)=—iv*/(—x,1)

In both cases T and © Thirring could not get normal transformations 7" and
© on space-time, because of introducing a quantity ¢. For the transforma-
tion ITC we get

VIC(x, ¢, x3) =y C¥*(—x, 1, —x°) (5.32)

Taking a section we have

($) " (x, 1) =y*C (¥ )*(—x, 1)

and a charge changes a sign. It is clear that the transformations obtained by
us do not differ from those known from the literature. The additional term
in Lagrangian (5.25) breaks symmetry IIC or 7 in an analogous way as in
Thirring’s (1972) theory, but Thirring defines operator IIC in a different
way. This can be easily seen by acting on both sides of (5.25) with operator
I1C defined by (5.32). Of course this breaking is very weak and it cannot be
linked to nonconservation of IIC in the decays of mesons K. Nevertheless
nonconservation of IIC in these decays has good support in six-quark
models: the appearance of this dipole electrical moment should rather be
related to quite different, more basic gravitational-electromagnetic effects
than to weak interactions of hadrons. At present the dipole electrical
moment of neutrons (indirectly of quarks) is being sought in experiments.
The most recent tests reveal that the dipole electrical moment of neutron is
smaller than 3X 1072 [cm] q.

Now we apply the Klein—Kaluza theory from Section 3 to Lagrangian
(5.24) or (5.25). Define the gauge differentials

P¥=horD¥
¥ =hor DY ; (5.33)
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where D is a covariant exterior differential with respect to w,z with torsion.
Substituting formula (3.22) into (5.33) we get

DY =D¥+{AH" T [v,,7s]6*
DY =D — ¢AH [7,, vs] ¥O* (5.34)
where
D¥=hor D¥ (5.35)
By replacing 9 by ) we get from (5.24)
Lo(¥, ¥, D) =Lihc(TINDY+DUNITY)+m¥ ¥y (5.36)

Using formulas (5.34) we obtain

1/2

e, (0, F, D) =£,(¥,F,B)—i2Z

o'V
(5.37)

where £ D(‘I’,T’, D) describes the interaction of Dirac’s spinor field ¥ with
both electromagnetic and gravitational fields in Einstein-Cartan theory. It
is worth noticing that in (5.37) there has appeared a term which couples a
dipole electrical moment to a torsion related to the fifth dimension.

Applying the theory from Section 3 we write down (3.45), i.e., Cartan’s
equation for sources given by (5.36). In effect we have

aﬂ 1§—C——h3 ( B-l—ouﬁyy)‘lf

4”G (5.38)

and

ht\I’yso Ay (5.39)
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The equation of “matter” L4 =0 in this case yields [using (5.39) and (5.38)]

. 1/2
iyt (¥ ,—igd, ) ¥ +i2Z

5
- hF*y%0, ¥ +

+4m7i3.c (@ysy”\lf)}"‘o;Y \I'+4(§756”"‘P)750Wx[z +m¥=0

(5.40)

where Ip;=G'/2h#/%¢~3/2=10"% [cm] is a Planck length and

*

ovp :%ﬁ ”ﬂaﬁoaﬁ (5'41)

is a dual tensor. Notice that by putting m=0 into (5.40) we obtain an
equation that looks like a nonlinear equation of Heisenberg’s prematter
theory (Urmaterie-gleichungen), with a nonlinear term resulting from the
Einstein—Cartan theory and Klein-Kaluza theory with torsion. The second
pair of Maxwell’s equations takes the form

o~ 4 tot
v H"= —c’i i (5.42)
where
tot _
J=cq¥ I
and
v » 8i ¥y al = *,
"=y —lﬁx[;F "*;1%(‘1'750 F‘I’)]Yﬂs
and
/2 _
HW:FW—:’S’T(C; hyySa™y
and
2
a=L ~ L
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is a fine-structure constant and

*

F= %ﬁ VpaﬁFa,B

is a dual tensor. We may regard I'” as a specific “vertex function” intro-
ducing a certain structure of electrical charge which is originated from
Klein-Kaluza theory with torsion. Notice also that I'” we deal with has a
component breaking parity conservation

i3y TvSe™ ¥ s

a—l/z( Yo )Y,LY (5.43)
Since the Planck’s length /p appears as /3, in (5.43) then parity is breaking
very weakly indeed. Finally we notice that the introducing of derivatives %)
and 9 can be regarded as a generalization of minimal coupling. Because of
this generalization we obtained several new effects.

6. GENERALIZATION TO ANY GAUGE GROUP

In this chapter we generalize certain results obtained in Sections 2, 3,
and 5 by considering an arbitrary gauge group G instead of U(1).

Let us consider a principal fiber bundle P over E with a structural
group G, metricized as in the Trautman (1970) work. (See also Section 1.)
Next we introduce a linear Riemannian connection on P. We build a (n+4)
form of curvature scalar for this connection and vary it with respect to
metric tensor, a frame, and a connection. As in Section 2, we define a
nonholonomical natural frame:

§4=(7*(6°),\0%), a=1,2,3,4, a=5,6,...,n+4 (6.1)

where n=dimG.

w=0°X, is a connection of principal bundle P and X, are generators of
Lie algebra of G in an adjoined representation. Similarly as in the works by
Cho and Jang (1975), Cho and Freund (1975), Cho (1975), and Kerner
(1968), we obtain equations similar to those of five-dimensional theory.

The right-hand side of the gravitation equation contains a tensor of
energy-momentum of gauge field and a cosmological term. This term
vanishes when the group G is Abelian. The cosmological constant in the
Einstein equations obtained in such a theory is very large (~10%), which
weakens these results.
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Probably, the geometrization of spontaneous symmetry breaking, of
Higgs’ field and the “Higgs” mechanism, could decrease this too-large
constant. In this theory we obtain also equations of the Yang—Mills fields
(an analog of the second pair of Maxwell’s equations). Derivatives in these
equations are both with respect to the Riemannian connection of E and
“gauge.” In the case of U(1) these derivatives become the usual derivatives
with respect to the Riemannian connection on E. Observe also that in the
case of any gauge group G the strength of the gauge field (curvature of a
connection on bundle P) is defined on P, and it is a form with values in
Lie’s algebra of G. This form evidently depends on a choice of section, and
that is why it is more convenient to define all quantities on P rather than on
E. In the case with nonvanishing torsion we introduce a non-Riemannian,
but metrical, connection on P. We also assume the horizontality of a
two-form of torsion.

©4=hor ®* (6.2)

Next we introduce a certain horizontal two-form with values in Lie’s algebra
of G:

0=0%%, (6.3)
Thus the torsion separates into two independent parts
7*(0%) and ©

where ©% is a torsion of space-time and © describes torsion in higher
dimensions. As far as © is concerned we also assume that it is of ad type
like w and €.

In this way a linear metrical connection w,p is defined on P, whose
torsion has been given in terms of 8% and ©. This connection is a
generalization of the connection discussed in Section 3 to the case of any
gauge group G. '

When G=U(1) then ®=0° and the condition ad for ® becomes (1.2)
for form ©°. As in the electromagnetic case we introduce a two-form with
values in Lie’s algebra of G that is an analog of the second two-form of the
strength of the electromagnetic field:

H=0-10 (6.4)

By generalizing the results of Section 3 we build K, a (rn+4)-form of
curvature scalar and introduce A, a (n+4)-form of sources (Lagrangian).



614 Kalinowski
By varying
f (K—87A)
vCP

with respect to metric, connection and frame we obtain some field equations
which differ from the equations of Section 3 in the following aspects. On the
right-hand side of the equations of a gravitational field, instead of Israel’s
tensor, there is a tensor of energy-momentum of gauge field with polar-
ization

o o (b B 3y b BV FP0) (69
where

e*Q=1}(F20*AG”) X,

e*H=1(H.L0"NO”) X,

and e is a section of P. There is of course an additional term that is related
to higher dimensions and is a square of torsion in higher dimensions

HgaﬁhabM:yMb’“’ (6.6)
where My, is associated with torsion in higher dimensions:
K,,=—4rM;, (6.7)
where
KL N ) X, =e*0
Torsion associated with higher dimensions has as a source a polarization of
the gauge field. As far as the equations of the gauge field (the second pair)
are concerned, the derivatives which appear in the equations are taken with
respect to both “gauge” and the metrical connection on E lifted on P. This

means that there will be an additional internal current obeying the analog of
“Ohm’s law” for a gauge field:

Ef‘vuﬁﬂfﬂzwj: (6.8)

"

This current j*'=— 38"z H a8 would impose a structure of color charges.
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Bianchi’s identities for linear connection of P, as in Section 3, give rise to
conservation laws of energy-momentum, angular momentum, and “color
charges.” Although a mathematical scheme of the above-mentioned theory
of the Klein—Kaluza type with torsion is clear and easily achieved from the
formalism of Section 3, it is not known what physical sense is hidden behind
the quantities M.

We can give a generalization of the example discussed in Section 3.7,
namely, we assume that the vector field W, transforms under the group G
instead of U(1). This field describes a vector field W, on manifold £ and a
multiplet of scalar field ¢, that all transform under the same group G. In the
same way as in Section 3 we can obtain sources of torsion in higher
dimensions and analogous nonlinear effects.

Let us consider G=SU(2)X U(1) and generalize results presented in
Section 5. We have dim P=8 now. According to J. Rayski’s suggestions
(1977), we analyze spinors defined on P. The dimension of spinor space is
2*=16. Introducing spinor fields ¥, ¥ on P we can treat them as multiplets
of fermions:

(6.9)

< & %

[

¥,

where e is a section of P. Introducing Clifford’s algebra I'Y, 4=1,2,3,...,8
for a form invariant under transformations of SO(1,7)

— ettt ++
4,78} =2948 _——v————l) 6.10
(r4,17) =2 - (6.10)
we find generators of Lie’s algebra of SO(1,7)
o1B=1[I'1, T?] (6.11)

As in Section 5, we assume that transformations of ¥ and ¥ correspond to
the transformation of a global orthonormal frame on P and 64 —formulas
(5.17) and (5.18). Obviously in such a case we have SO(1,7) instead of
SO(1,4).
Introducing differentials ¢, as in Section 5, we obtain new terms in the
Dirac Lagrangian for spinors ¥ and ¥. On a space-time they will separate
" according to formulas (6.9); this will give rise to new interactions between
fermions and gauge field.
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Simultaneously we can associate the torsion in higher dimensions with
certain terms built from those spinor fields. It seems that such an approach
offers, in principle, at least some hope for building a unified theory of
gravitational, weak, and electromagnetic interactions. Unfortunately, we
shall not expect success in this direction until both spontaneous symmetry
breaking and Higgs’ mechanism are geometrized. All the fields discussed in
the paper—i.e., both boson and fermion fields—are massless, and it is only
Higgs’ mechanism that can give them masses without breaking gauge
symmetry.
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